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ABSTRACT
One-particle eigenstates and eigenvalues of two-dimensional electrons in the strong mag-
netic field with short range impurity and impurities, cosine potential, boundary potential,
and periodic array of short range potentials are obtained by magnetic von-Neumann lat-
tice in which Landau level wave functions have minimum spatial extensions. We find that
there is a dual correspondence between cosine potential and lattice kinetic term and that
the representation based on the von-Neumann lattice is quite useful for solving the system’s
dynamics.
1. Introduction
Charged particle changes its property drastically in the strong magnetic field, especially
in two dimensions. Exciting phenomena such as integer quantum Hall effect1) and fractional
quantum Hall effect2) have been found in this system. The Hall conductance is regarded to
take universal values, either e
2
h
N or e
2
h
q
p
in these phenomena. Since these values are universal
constants, it is expected that general physical principle is connected with the quantum Hall
effect.
One of origins of quantum Hall effects is the localization due to random impurities3),4)
which seems not to be understandable from perturbative calculations. Electrons which are
localized by impurities have energies at the outside of Landau level energies. If the Fermi
energy is in this energy region, there is no zero-energy state and diagonal component of
the electric conductance, σxx, vanishes. There is no energy dissipation and field theoretical
method can be applied. Current conservation is one of the universal relations and is satisfied
in arbitrary physical system. It leads Ward-Takahashi identity in local field theory. In
quantum Hall system, current conservation is satisfied but locality of the field for each
Landau level is realized only in suitable representation. Such a local representation that
uses von-Neumann lattice in center variables was used5) to derive the exact low energy
theorem for quantum Hall effect.
The representation based on von-Neumann lattice has not only locality but also trans-
lational invariance. Consequently this representation is convenient for studying electrons in
the magnetic field with a short range impurity and impurities, boundary, and periodic array
of potentials, as well. We present these studies in this paper. We review our representation
in Section 2 and show that the localization due to random impurities can be studied based
on perturbative calculations in our representation in Section 3 and that there is a reciprocal
correspondence between the cosine potential and the lattice kinetic term in Section 4. One-
particle eigenstates in systems with a boundary potential and periodic array of short range
2
potentials are obtained in Section 5. Summary is given in Section 6.
2. Magnetic von-Neumann lattice5)
One-body Hamiltonian of a planar charged particle with a strong perpendicular magnetic
field without disorder potential is given by,
H =
(~p+ e ~A)2
2m
,
∂1A2 − ∂2A1 = B.
(2.1)
The vector potential of the above Hamiltonian is linear in spatial coordinates and it is useful
to introduce the sets of coordinates, relative coordinates (ξ, η) and guiding center coordinates
(X, Y )6),
ξ =
1
eB
(py + eAy),
η = −
1
eB
(px + eAx),
X = x− ξ,
Y = y − η,
[ξ, η] =− [X, Y ] = −
ih¯
eB
,
[ξ,X ] =[ξ, Y ] = [η,X ] = [η, Y ] = 0.
(2.2)
One-body Hamiltonian is written with these variables as
H =
e2B2
2m
(ξ2 + η2). (2.3)
Thus we see that the system is equivalent to a harmonic oscillator and that X and Y are
the constants of the motion.
Many-body problems are studied by a quantized field and the Hamiltonian,
H =
∫
d~xΨ†(x)
(~p+ e ~A)2
2m
Ψ(x). (2.4)
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We describe the field theory with the variables of Eq.(2.2). A set of functions,
fl(ξ, η)⊗ |Rmn〉,
fl(ξ, η)⊗ ˜〈Rmn|, (2.5)
where fl(ξ, η) is the eigenstate of the harmonic oscillator and |Rmn〉 is the coherent state in
(X, Y ) variables are used as basis. ˜〈Rm,n| is a dual basis defined later. They satisfy,
H0fl(ξ, η) =
eBh¯
m
(l +
1
2
)fl(ξ, η),
(X + iY )|Rm,n〉 = a(m+ in)|Rm,n〉,
~Rmn = a(m,n),
m, n : integer,
a =
√
2πh¯
eB
.
(2.6)
The coherent states are the minimum wave packets that have minimum extensions allowed
from commutation relations, Eq.(2.2) and satisfy
∆X2∆Y 2 =
h¯2
4e2B2
,{∆X2 = 〈(X − 〈X〉)2〉
∆Y 2 = 〈(Y − 〈Y 〉)2〉.
(2.7)
A set of the coherent states becomes complete if the lattice spacing is less than or equal to
that of Eq.(2.6)7).
Coherent states are not orthogonal despite of their completeness but satisfy
〈Rm1,n1 |Rm2,n2〉 = e
iπ[(m1−m2+1)(n1−n2+1)−1]e−
π
2
[(m1−m2)2+(n1−n2)2],∑
m1,n1
〈Rm1,n1 |Rm2,n2〉 =
∑
m2,n2
〈Rm1,n1 |Rm2,n2〉 = 0,
(2.8)
with the following phase convention of the coherent states:
|Rm,n〉 = (−1)
mn+m+neA
†√π(m+in)−A√π(m−in)|0〉,
A|0〉 = 0,
A =
√
eB
2h¯
(X + iY ).
(2.9)
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It is convenient to use dual basis that is orthogonal to the above coherent states
˜〈Rm1,n1 |Rm2,n2〉 = δm1,m2δn1,n2 − 1N ,˜〈Rm1,n1 | = ∑
m2,n2
G(m1, n1;m2, n2)〈Rm2,n2 |,
(2.10)
∑
m′,n′
G(m1, n1;m
′, n′)〈Rm′,n′ |Rm2,n2〉 = δm1,m2δn1,n2 −
1
N
, (2.11)
N =
∑
m1,n1
.
The last term in Eqs.(2.10) and (2.11) is due to the constraint of Eq.(2.8). The Green’s
function G(m1, n1;m2, n2) is obtained by Fourier transformation,
G(m1, n1;m2, n2) =
( 1
2π
)2 ∫ π
−π
d~PeiPx(m1−m2)+iPy(n1−n2)G(Px, Py),
〈Rm1,n1 |Rm2,n2〉 =
( 1
2π
)2 ∫ π
−π
d~PeiPx(m1−m2)+iPy(n1−n2)α(Px, Py),
(2.12)
as
G(Px, Py) =
{ 1
α(Px, Py)
~P 6= 0
0 ~P = 0.
(2.13)
G(m1, n1;m2, n2) thus calculated is shown in Fig.1. Obviously, it decreases fast with |m1−
m2| or |n1−n2|. Hence the base functions and the dual base functions are localized functions
around center coordinates Rm,n. This is an important property of the present base functions
and makes us possible to find spatial properties of the wave functions in the presence of dis-
order potentials such as short range impurity potentials, boundary potential, and periodic
potentials easily. Furthermore, since the electric charge of the base function is distributed
in a finite spatial region, the multi-pole expansion of the charge operator8) can be defined
in the present representation. The exact low energy theorem5) was derived based on Ward-
Takahashi identity and the multi-pole expansion.
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We expand the electron field Ψ and its conjugate Ψ† with these base functions as
Ψ =
∑
l,m,n
al(m,n)fl(ξ, η)⊗ |Rmn〉,
Ψ† =
∑
l,m,n
bl(m,n)fl(ξ, η)⊗ ˜〈Rmn|, (2.14)
and regard al(m,n) and bl(m,n) as quantized operators
∗
defined on lattice sites. The free
Hamiltonian, Eq.(2.4), becomes a diagonal form
H =
∑
l,m,n
Elbl(m,n)al(m,n). (2.15)
It should be noted that there is no hopping term in the above Hamiltonian and hence short
range potential is treated locally in this representation. A potential term is transformed
into, ∫
dxΨ†(x)Ψ(x)V (x) =
∑
bl1(m1, n1)al2(m2, n2)Vl1,l2(m1, n1;m2, n2),
Vl1,l2(m1, n1;m2, n2) =
∫
d2k
(2π)2
(fl1e
i~k~ξfl2)
˜〈Rm1,n1 |ei~k ~X |Rm2,n2〉V (~k),
V (~x) =
∫
d2k
(2π)2
ei
~k~xV (~k). ( V (~k) =
∫
d2x e−i~k~xV (~x) )
(2.16)
Vl1,l2(m1, n1;m2, n2) is non-diagonal in spatial directions and in Landau level indices as well,
generally. If the potential is local in ~x variable around one position, then the potential
in new variables has the same property, since the base functions have finite extensions in
both directions. Localization problem due to short range impurities can be treated based on
perturbative expansions.
∗ We understand that the operators satisfy,
∑
m,n bl(m,n) =
∑
m,n al(m,n) = 0. Namely, zero momen-
tum state is not included.
6
3. Short range impurity and dilute short range impurities
Two-dimensional electrons in the magnetic field which interact with an external potential
V (x) are described by the following Hamiltonian:∫
d~xΨ†(x)
{
(~p+ e ~A)2
2m
+ V (x)
}
Ψ(x)
=
∑
l1,l2
bl1(m1, n1)
[
El1δl1,l2δm1,m2δn1,n2 + Vl1,l2(m1, n1;m2, n2)
]
al2(m2, n2).
(3.1)
One-particle properties are found from the eigenvalue equation,∑
[El1δl1,l2δm1,m2δn1,n2 + Vl1,l2(m1, n1;m2, n2)]u
(α)
l2
(m2, n2),
= E(α)u
(α)
l1
(m1, n1)∑
v
(β)
l1
(m1, n1)[El1δl1,l2δm1,m2δn1,n2 + Vl1,l2(m1, n1;m2, n2)]
= E(β)v
(β)
l2
(m2, n2).
(3.2)
For a short range potential, eigenfunctions u
(α)
l (m,n) and v
(α)
l (m,n) decrease as the distance
between the coordinates and the impurity position increases if the eigenvalue of the energy
E(α) is different from the Landau level energy El from Eq.(3.2) regardless of the sign of the
potential. This is a characteristic feature of the system with the magnetic field and is shown
in Fig.2.
We solve the eigenvalue problem of one short range impurity first. A short range impurity
V (~x) = gδ(~x) (3.3)
is transformed to
Vl1,l2(m1, n1;m2, n2) = g
∫
d2k
(2π)2
(fl1e
i~k~ξfl2)
˜〈Rm1,n1 |ei~k ~X |Rm2,n2〉. (3.4)
Eigenfunctions and eigenvalues thus obtained are given in Figs.3,4a-4d. The eigenfunctions
whose eigenvalues are different from Landau level energy El are given in Figs.4a-4d and
are obviously localized as is expected from the equations Eq.(3.2). The other eigenfunctions
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have the energy El and are degenerate in energy. Hence any linear combinations of these
eigenfunctions are also eigenfunctions. Consequently, the wave functions should be regarded
as extended if E = El and are localized if E 6= El, as is shown in Fig.2.
Next we study many but dilute short range impurities based on perturbative expansions.
We assume that they are distributed randomly and that their average nearest neighbor
distance is much larger than magnetic distance. One-body Hamiltonian in magnetic lattice
representation is,
H = H0 +
∑
j
V
(j)
l1,l2
(m1, n1;m2, n2; ~xj),
H0 =
∑
El1δl1,l2δm1,m2δn1,n2 ,
V
(j)
l1,l2
(m1, n1;m2, n2; ~xj) = gj
∫
d2k
(2π)2
(fl1(ξ, η)e
i~k~ξfl2(ξ, η))
˜〈m1, n1|ei~k ~X |m2, n2〉e−i~k ~xj ,
(3.5)
| ~xj − ~xj′ | ≫ a. (3.6)
Since distances between impurities are much larger than the magnetic distance, each term
in the second part of the Hamiltonian approximately commutes. Perturbative treatment of
many impurity system is thus possible.
Theorem 1.
Characteristic properties of localized eigenstate with discrete eigenvalue, E
(α)
0 , and with
localized wave function around one impurity,
H1u
(α) = E
(α)
0 u
(α),
H1 = H0 + V
(i)
l1,l2
(m1, n1;m2, n2; ~xi),
(3.7)
are unchanged by the perturbative terms due to other impurities,
H2 =
∑
j 6=i
V (j)(m1, n1;m2, n2; ~xj), (3.8)
if the energy E
(α)
0 satisfies
|E
(α)
0 −El| > δ, (3.9)
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where δ is a small constant determined from impurity distributions.
Proof
Perturbative treatment of H2 for the eigenstates and eigenvalues of total Hamiltonian
leads the following expansions:
E(α) = E
(α)
0 + E
(α)
1 + E
(α)
2 + · · · ,
E
(α)
1 =< α|H2|α >,
E
(α)
2 =
∑
β 6=α
| < α|H2|β > |
2
E
(α)
0 − E
(β)
0
, E
(α)
3 = · · · ,
(3.10)
u(α) = u
(α)
0 + u
(α)
1 + u
(α)
2 + · · · ,
u
(α)
1 =
∑
β 6=α
< α|H2|β >
E
(α)
0 − E
(β)
0
u
(β)
0 ,
u
(α)
2 =
∑
β 6=α
∑
γ 6=α
< γ|H2|β >< β|H2|α >
(E
(α)
0 − E
(β)
0 )(E
(α)
0 − E
(γ)
0 )
u
(γ)
0 −
∑
γ 6=α
< α|H2|α >< γ|H2|γ >
(E
(α)
0 − E
(γ)
0 )
2
u
(γ)
0
−
1
2
∑
γ 6=α
| < α|H2|γ > |
2
(E
(α)
0 − E
(γ)
0 )
2
u
(γ)
0 .
(3.11)
If the state α is the localized state, the energy denominator is finite and the matrix element
< β|H2|α > is of order e
−π
2
(
| ~xi− ~xj |
a
)2, which is very small from the condition that the distance
|~xi− ~xj | is much larger than the magnetic distance. Hence the perturbative series converges
well. Consequently, the energy eigenvalue E(α) is about the same as E
(α)
0 . In Fig.5, we show
first order correction E
(α)
1 for randomly distributed potential V2. First order correction to
the wave function, u
(α)
1 , is also very small if the state |β > is also the localized state around
i-th impurity and is small if the state |β > is the degenerate state with energy El and its wave
function is finite around other impurities. Thus the correction u
(α)
1 to the wave function is
negligibly small generally. In the exceptional case where |E
(α)
0 −El| is infinitesimally small,
the coefficient <α|H2|β>
E
(α)
0 −E(β)0
could be order 1, and the correction to the wave function becomes
larger. This occurs if
|E
(α)
0 −El|<≈ ge
−π
2
(L
a
)2, (3.12)
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where L is the impurity distance and g is the impurity strength, is satisfied.
Theorem 2.
Degenerate states with the energy El in the presence of i-th impurity get large corrections
from another j-th impurity if wave functions are finite around that impurity. Degenerate
perturbations is applied in this case.
Proof
In the ordinary perturbative formula, the energy denominator vanishes if E
(α)
0 = El and
E
(β)
0 = El and the direct diagonalization in the space of energy El and of having finite matrix
element < β|H2|γ > should be made, instead of ordinary perturbative expansions. Then we
have,
[H0 + giV
(i)
l1,l2
(m1, n1;m2, n2; ~xi)]u
(α)
l2
(m2, n2) = Elu
(α)
l1
(m1, n1), (3.13)
and
gjV
(j)
l1,l2
(m1, n1;m2, n2; ~xj)u
(α)
l2
= δEαu
(α)
l1
. (3.14)
Combining both equations, eigenstate of V (j) in degenerate space satisfy,
[H0 + giV
(i)
l1,l2
(m1, n1;m2, n2; ~xi) + gjV
(j)
l1,l2
(m1, n1;m2, n2; ~xj)]u
(β)
l2
(m2, n2)
= (El + δE
α)u
(β)
l1
(m1, n1).
(3.15)
Theorem 3.
Localized eigenstates from the degenerate perturbations in theorem 2 have their wave
functions around j-th impurity. They can be computed, alternatively, by solving localized
eigenstates of H0 + gjV
(j) first and by applying perturbative expansion with respect to∑
i6=j giV
(i) second.
Proof
10
Let u(β) be eigenstate of total Hamiltonian and u
(α)
0 be eigenstate of giV
(i) within the
space of degenerate energy,
[H0 + gjV
(j)+
∑
i
giV
(i)]u(β) = E(β)u(β),
giV
(i)u
(α)
0 = δE
αu
(α)
0 + δu,
(H0 + gjV
(j))u0 = Elu0, (u0, δu) = 0.
(3.16)
From the second and the third equations, u0 satisfies approximately the eigenvalue equation
of total Hamiltonian. We can write
u(β) = u0 + δ
′u. (3.17)
The distance between i-th impurity and j-th impurity is large, hence u0 is further given
approximately by l-th Landau level wave functions,
u0 = ul + δ
′′u,
H0ul = Elul.
(3.18)
Consequently, we have the expression,
u(β) = ul + δ
′u+ δ′′u,
E(β) = El + δE
(β).
(3.19)
Within the l-th Landau level space, ul is the eigenstate of H0 + gjV
(j),
[H0 + gjV
(j)]ul = (El + δE)ul + δul′ (l
′ 6= l). (3.20)
Hence the localized eigenfunctions around j-th impurity can be obtained by perturbative
expansions. Eigenvalue E(β) thus obtained is generally different from the discrete eigenvalue
E(α) of the eigenstate around i-th impurity, since these impurities are random without any
correlations. Two eigenvectors are orthogonal, if their eigenvalues are different. Hence these
eigenvectors are linearly independent.
Theorem 4.
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In a system of dilute impurities, the localized states around i-th impurity of having
isolated non-degenerate energies are obtained from the localized eigenfunctions of H0+ V
(i)
and their corrections due to
∑
l 6=i V
(l). The expansion converges well and the corrections
are small, from theorem 1, if the energy satisfies
|E −El| ≫ δ,
δ ≃ ge−
π
2
(L
a
)2.
(3.21)
Proof
Theorem 2 and 3 give theorem 4.
Theorem 5.
Since the localized states around each impurity are treated perturbatively, the number
of the localized states are proportional to the number of the impurities in the dilute impurity
cases.
Proof
Theorem 2, 3, and 4 give theorem 5.
Combining theorems 1, 2, 3, 4, and 5, we obtain the one-particle property in the dilute
impurity case and show it in Fig.6.
4. Cosine potential: a duality relation
between potential term and kinetic term
In this section we study simple cosine potential,
V (x) = V0(cos kx+ cos ky), (4.1)
as a special example of periodic potentials and we show that the above potential term in
original representation is transformed to the hopping term in magnetic lattice representation.
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Thus a kind of duality relation between the kinetic term and the potential term is observed in
the two-dimensional system with the perpendicular magnetic field. We saw that the kinetic
term is transformed to the mass term in Section 2. Now we see that the potential term∫
d~xV (~x)Ψ†(x)Ψ(x) (4.2)
with the periodic potential, Eq.(4.1), is transformed to the lattice kinetic term,
∑
l, ~R
Klbl(~R)al(~R + ~∆) + inter Landau level term, (4.3)
Kl =
1
2
(−1)l
l!
(π∆n2)le−
π
2
∆n2(−1)∆n,
~∆ = (±∆n, 0), (0,±∆n),
∆n = k
√
h¯
2eBπ
,
(4.4)
if the ∆n defined in the above equation is integer. The energy eigenvalue within the lowest
Landau level space becomes, thus,
E(~k) = E0 + 2K0(cos kxa+ cos kya),
−
π
a
≤ ki ≤
π
a
.
(4.5)
The energy has the same form as the potential Eq.(4.1). The duality relation between the
kinetic term and the potential term is summarized in Table 1.
5. Degenerate systems: boundary potential
and periodic array of short range potentials.
If the impurity system has some symmetry, there is an additional degeneracy. Naive
perturbative expansion is not valid, then, and Hamiltonian is diagonalized directly. We
study such systems in this section.
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5.1. boundary potential
Potential
V (~x) = V0θ(x) (5.1)
shows a potential barrier in positive x region with a boundary at x = 0. Electron stays in
negative x region due to the potential barrier if its energy is less than V0. The potential is
invariant under translation in y-direction and the momentum in y-direction, Py, is a good
quantum number. The single particle energy becomes Py dependent. We solve the eigenvalue
equation using the magnetic lattice representation. The potential and the eigenvectors are
given by
Vl1,l2(m1, n1;m2, n2) =
a
2π
∫ π
a
−π
a
dPye
iPy(n1−n2)aVl1,l2(m1;m2;Py),
ul(m,n) =
( a
2π
) 1
2
∫ π
a
−π
a
dPye
iPynaul(m,Py).
(5.2)
We substitute the above formula to the eigenvalue equation and we have∑
l2,m2
{El1δl1,l2δm1,m2 + Vl1,l2(m1;m2;Py)}ul2(m2, Py) = Eul1(m1, Py). (5.3)
The above equation is solved numerically. The energy and the eigenvector thus obtained
are shown in Fig.7a-7c. The solutions are classified into three types. First type solutions
have the energy of Landau levels, and have the wave functions at x ≪ 0. Solution of the
second type have the energy El + V0 and have the wave functions at x ≫ 0. Third type
solutions have the energy in the intermediate range, between El and El + V0 and have the
wave functions at around boundary, x = 0. The last solutions are called edge states and play
some special roles in electric conduction, especially when V0 is very large. The single-particle
energy is periodic in Py, since the electron system is defined on lattice sites. Consequently,
there are even number of solutions in the equation,
E(PF ) = EF ,
El < EF < El + V0.
(5.4)
One of solution has a steep slope and hence there are small number of states in this
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region. Their effect becomes negligible in V0 →∞ limit.
The edge states carry electric current. In the present representation, the velocity opera-
tors are expressed by relative coordinates ξ and η which are independent from the motion in
center variables. Hence Landau level mixing is necessary for the states to have finite current.
The current carried by each state is shown in Fig.8.
The solutions are extended in y-direction but are localized in x-direction and have zero
energy. The physical effects of these one-dimensional zero energy states in electric conduc-
tance shall be discussed in a forthcoming paper.
5.2. periodic array of short range potentials
We study the electron system of having periodic array of short range potentials in this
section. The potential,
V (~x) =
∑
j
gδ(~x− ~xj), ~xj = b(j1, j2), (5.5)
satisfies,
V (~x+~b) = V (~x),
~b = b(m,n) m,n integer.
(5.6)
The magnetic translation operator,
T (~b) = ei(~p+e
~A)·~b+i~b·e ~Bz×~x, (5.7)
then commutes with the Hamiltonian, and satisfies, furthermore,
T (~b1)T (~b2) = exp
[
ie ~Bz · (~b1 × ~b2)
]
T (~b2)T (~b1). (5.8)
In the present von-Neumann lattice, the electorns are defined on lattce sites with lattice
spacing a =
√
2πh¯
eB
. Since the phase factor in Eq.(5.8) is given by
2π(m1n2 −m2n1), (5.9)
the magnetic translation group becomes Abelian group in this lattice space and the transla-
tion operators commute.
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The electron system’s property depends drastically upon the ratio between the period
of the potential and the spacing a. The system is translational invariant if the ratio is a
rational number with two integers,
b
a
=
q
p
, (5.10)
but is non-invariant if the ratio is an irrational number. We compute the single-particle
energies and show them in Fig.9a,9b. The effect of the potentials becomes large if the ratio
is equal to one. The spacing of the periodic potentials, then is equal to 643[A˚] if B = 1T
or 203[A˚] if B = 10T. These values are much larger than the original lattice spacing of the
matter, and these potentials should be made artificially. They are achieved actually and
interesting observations are made9).
6. Summary and outlook
We have shown that the two-dimensional electron systems with the perpendicular mag-
netic field are studied easily using von-Neumann magnetic lattice representation in center
coordinates. Both of locality and translational invariance are explicitly realized and hence
multi-pole expansion of charge operator is possible. Since the spatial properties of potentials
are reflected directly to the equations, electron systems with disorder potentials are studied
easily with the present representation. Localization problem in short range impurities was
solved based on perturbative expansions in the present representation. This was possible
because the base functions are localized functions and localized eigenfunctions around short
range impurities are expressed in straightforward manner.
Electrons in the perpendicular magnetic field are expressed on the lattice in our repre-
sentation. It was shown that the kinetic term is transformed to the mass term and conversely
the cosine potential term is transformed to the lattice kinetic term. Eigenstates in the system
with the boundary and the periodic array of short range impurities were obtained in Section
5. Edge states, which are extended along the edge but are localized in the perpendicular
16
direction, are found and their energies are computed as a periodic function of the momentum
along the boundary in the former system. The latter system changes its property drastically
when the period of the potentials is changed. They will be observed experimentally.
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FIGURE CAPTIONS
Fig.1 : Green’s function G(m,n; 0, 0), which decreases very fast with |m| and |n|, is shown.
Fig.2 : Eigenfunctions of Eq.(3.2) should be localized functions if their energies are differ-
ent from those of pure Landau levels.
Fig.3 : Energy eigenvalues in the system of one short range impurity are shown. Discrete
eigenvalues are changed almost linearly with coupling strength. gr is given by
2eB
h¯
g
(2π)2 (
eBh¯
m
)−1.
Fig.4 : Eigenfunctions with non-degenerate eigenvalues of a short range impurity system
are shown. Lower semi-circles stand for the magnitudes of the l = 0 components
at each lattice sites and upper semi-circles stand for the magnitudes of the l = 1
components at each lattice sites. Fig.4a and 4b correspond to energy eigenvalue
0.8318 and 2.412 for gr = 0.2 respectively. Fig.4c and 4d correspond to 0.6116
and 1.637 for gr = 0.04. It is obvious that these functions are localized functions.
Fig.5 : Discrete energies are slightly modified by lowest order corrections due to a nearby
impurity. Discrete energies arround one short range impurity, E
(α)
0 , and their lowest
order corrections due to a nearly impurity, E
(α)
1 , are shown. Impurity strength is
0.2 in Fig.5a and 0.04 in Fig.5b. Distance between impurities is assumed to be
one lattice spacing, a.
Fig.6 : Energy levels of dilute short range impurity system are shown. Eigenfunctions are
localized if their energy satisfies |E −El| > δ, where δ is a constant determined by
impurities.
Fig.7 : Eigenfunctions of the system with a boundary are shown. Edge state energy
becomes large at some momentum along the edge.The potential barrier is 5 times
as large as that of Landau level energy spacing in Fig.7a and 10 times as large as
that of Landau levels in Fig.7b. Wave functions for Py = 0 and V0 = 0.8 [
eBh¯
m ] are
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shown in Fig.7c.
Fig.8 : The currents carried by the edge states are shown for three different potential
heights(V0 = 0.8, 5, 10 [
eBh¯
m
]). They are negative definite as is expected from a
naive consideration.
Fig.9 : The energy distributions in the periodic array of potentials vs. the ratio between
the potential period, b, and magnetic distance, a, are shown. In Fig.9b, the same
figure of the region, b
a
< 1.5, is shown.
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